We study a model system of two strictly hyperbolic conservation laws which is genuinely nonlinear but for which the Riemann problem has no global solution. Singular solutions are de ned by means of a generalized Rankine-Hugoniot relation and an overcompressive condition on the discontinuity. We show that approximate solutions which can be constructed by several standard methods converge in a weighted measure space and that the error in the approximation converges to zero. Viscous approximations satisfy approximate entropy inequalities which imply the overcompressive condition.
Introduction
In this paper we de ne a new kind of wave that can appear in hyperbolic conservation laws, a singular shock. In earlier papers, as summarized in Section 2.1, we found approximations to these waves; here we establish that singular shocks are well-de ned objects in a space of weighted measures (Section 3), and that they appear consistently as limits of several di erent approximations. In Section 4, we discuss an admissibility criterion for singular shocks.
We have established the approximation, convergence and admissibility properties we claim here for only a single model equation { equation (1) below { but they most likely hold for all equations of a certain class. Membership in the class is determined by global structure (the property of same variation), and the class includes some nonstrictly hyperbolic equations, for example those analysed in 15] . This is discussed in Section 5. Although the error of the approximations converges to zero, determining the sense in which singular shock waves may be considered solutions of the equation remains an open question.
The system we consider is u t + ( u 2 the right eigenvectors (with the usual normalization r i r i > 0) are r 1 = (1; u+1) and r 2 = (1; u?1). The eigenvalues depend on the rst component, u, alone | in fact, the system is linear in the second variable, v. Both normalized eigenvectors point in the positive x direction: thus, if two states U L and U R can be joined by a rarefaction wave, with U L the state on the left, then u R > u L for waves of both families. The reverse is true for shocks.
System (1) has the property that the shock speeds are not separated for waves of amplitude greater than two units. This property is related to that of a type of nonstrictly hyperbolic system, which we rst mentioned in 8], (see Example 3, there), which displays \same" rather than \opposite" variation of the wave speeds. Such systems lack classical solutions, even for waves of very small amplitude, when the states are close to the line where strict hyperbolicity fails. An example has been analysed by Schae er, Schecter and Shearer 15], using asymptotic techniques similar to those outlined in Section 2.1 below, and approximate solutions with the same behavior appear there.
Some physical models also lead to this equation. A nonconservative form of equation (1) where represents ion viscosity, also considered to be small. The quantity is the normalized Debye length, and the formal limit = 0 corresponds to a collisionless plasma. Whether our solutions are useful for this problem (where it is recognized by Rosenau that large amplitude waves have singular, in fact, explosive, behavior) will be the subject of further study.
In the remainder of this section, we write down the formal singular shock solutions to (1) , which allow us to give a unique solution to the Riemann problem for (1).
Formal Solution to the Riemann Problem Using Singular Shocks
The integral (rarefaction) curves of (1) (The lower signs refer to the slower, or 1-wave family.) For a given U L , the Riemann problem with data U(x; 0) = ( U L = U 0 ; x < 0 U R = U; x 0 has a classical solution consisting of a 1-wave followed by a 2-wave if and only if U lies in a curvilinear quadrant Q(U 0 ) whose boundary is the union of three curves, J(U 0 ), J 1 (U 0 ) and J 2 (U 0 ), given by the equations (see Figure 1) J 
which is positive in Q 7 .
In the interior of Q 7 the condition
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Figure 1: The Riemann Problem in Phase Space holds (this means the wave is overcompressive), and the boundaries D and E are de ned by s = 1 (u 0 ) and s = 2 (u) respectively. The conditions 2 (u 0 ) > 1 (u 0 ) s 2 (u) > 1 (u); (4) which hold in the closure of Q 7 and nowhere else in the plane, constitute geometric admissibility conditions for singular shocks. Imposing these conditions is justi ed in Section 4.
Approximate Solutions
In 9], 10], and 11] we found an asymptotic version of a regularized solution to (1) by considering the \Dafermos-DiPerna viscosity approximation": u t + ( u 2 ? v) x = tu xx v t + ( 1 3 u 3 ? u) x = tv xx : (5) We summarize those results in Section 2.1. We also describe two other procedures which yield approximate solutions; these do not correspond to a speci c form of viscosity, but they give explicit, self-similar functions which behave like the asymptotic functions. We present the two new approximations in Section 2.2 and Section 2.3. The rst is motivated by the theory of generalized distributions of Colombeau 3] ; the second is a simple step-function approximation.
Dafermos-DiPerna Viscosity Solutions
We summarize the construction in 9]. Suppose that (5) 
with a di erent constant of integration on each side of the singularity. Finally, C + ?C ? = C = (0; a 2 ), where a 2 is de ned in (3), and identi es the particular trajectory of the singular solutionŨ. There is thus a two-parameter family of solutions (with parameters s and a 2 ) which gives an asymptotic solution for each U R 2 Q 7 (U L ). The solutions of (2) and (3) give a coordinate system in Q 7 .
We did not give a proof of existence of self-similar solutions of (5) 
Functions in G s
Colombeau's theory of generalized distributions has been used to discuss weak solutions of conservation laws (see 1], 2], and the review article 3]). One can nd objects, using the calculus of generalized distributions, which satisfy equation (1) in the sense of association. Motivated by this, we de ne an approximation sequence in equation (8) 
Proposition 2, which is the main result of the section, shows that the functions de ned in (8) are approximate solutions, if h, , and p are chosen correctly. We work in the ordinary calculus of C 1 functions.
As suggested by the asymptotics in Section 2.1, we seek superpositions of bounded and unbounded functions. For convenience, scale the approximate solutions, assumed to be self-similar in the variable = x=t, to depend in a simple manner on another parameter, . 
later, for admissibility, we shall also need Figure 2 illustrates a typical function .
The function h is a C 1 monotonic approximation to the Heaviside function; we can suppose h 0 to have its support contained in ?1; 1]. The positive number p is an index which determines whether the Heaviside is wide (p < 1) or narrow (p 1) with respect to the singular part of the solution. Functions of both types provide approximations to equation (1) . We are using where we used 2 in the previous section; as a consequence, the error is now O( p ) instead of O( ). We change to this convention. 
where
Since it is standard for R 1 and R 2 to have bounds in a negative norm, we calculate
where is a C 1 0 test function. Weak solutions of (1) are, of course, de ned with respect to test functions (x; t) with compact support in both variables. Except near t = 0, the two de nitions are equivalent, and we shall ignore the factor 1=t in what follows (that is, we assume t is bounded away from zero { not an essential di culty for Riemann problems). Our main result is Proposition 2 Let u and v be de ned by equation (8), where s and a 2 are de ned by (2) and (3) Proof: We integrate by parts in (14) using (12) and (13); the rst term of R 1 becomes < ? Du ; >=
The second term in < R 1 ; >, after an integration by parts, is
where we identify ( ) 2 as an approximate Dirac mass, . The most singular parts of (u ) 2 and v cancel identically here and do not contribute to the error. Thus,
The rst integral is what one obtains on approximating an ordinary jump discontinuity (a shock or other solution to the Rankine-Hugoniot relation) by a smooth function, with the di erence that we have scaled h by an unspeci ed power p of . This term is bounded by p , as long as s satis es (2) , and the second integral is also small (of order p ), because is small in the L 1 norm. Thus the presence of a singular contribution to U does not a ect the rst equation. This is not surprising, since singular shocks satisfy a RankineHugoniot relation in the rst component.
Speci cally, the rst integral in (15) is bounded by k p (sup j ( )j + sup j 0 ( )j); (16) and the second integral by a bound of the same form with p replaced by p .
Since p = 1 is the standard viscous pro le smoothing for shocks, the singular approximation converges more slowly than an approximation to a standard shock, where the second integral in (15) is absent.
We now estimate R 2 . After integration by parts,
and we obtain
The middle integral can be treated like the second integral in ( using the mean value theorem, then the second property of (9) 
The rst term exactly cancels (18) because of (3 Remark The functions de ned by (8) have been shown to be approximations, when and h satisfy the given restrictions and s and a 2 satisfy (2) and (3). The sign of a is not speci ed by any of our hypotheses. (Alternatively, is shown, by (9) , to behave roughly like an odd function, but replacing by ? would not a ect the estimates in Proposition 2.) Only when satises equation (10) and a is the positive root of a 2 do the G s approximations resemble qualitatively the viscous approximations de ned in Section 2.1. In other words, it cannot be seen from Proposition 2 whether these approximations satisfy (roughly) a forward or a backward heat equation, and, because our approximation by self-similar functions has removed the dynamics, both kinds of approximation will converge, as we shall prove in Section 3. It is the asymptotic behavior described in Section 2.1 which motivates equation (10) and the choice a > 0 in (8) . As we discuss in Section 4, other criteria also point to this choice. which is bounded in the desired sense (multiply by a test function and integrate with respect to ). The compatibility condition of Proposition 2 is imposed on the bounded part of U A , since the scalings of (20) correspond to p = 1=2, and is thus a condition on U(0). Now, note that (7) does not specify U uniquely, as no conditions have been imposed on U at = 0. Since the conditions (4) imply that U 0 is an unstable and U 1 a stable node, it is clear that we may choose almost any initial and nal conditions for U(0) to obtain a continuous solution of (7). In particular, we may choose
This still leaves one degree of freedom, v(0), to connect U 0 and U 1 .
Box Approximations
In this section we describe a third way to de ne approximate solutions to (1) . This time, the candidates are piecewise constant (\box") functions, and satisfy the equation only in a weak, or distributional, sense. But unlike their limits, whose projections onto the class of distributions do not satisfy the equation in any sense, the box approximations are classical distributions, and we may calculate with them using the standard operational calculus. The idea behind the construction is very simple: as we have seen in the last two sections, the approximate solutions are a superposition of a bounded part (a type of Heaviside function), and an unbounded part, which is concentrated near the shock, and can be de ned by scaling a single function. We saw in Section 2. We sketch u b in Figure 3 . As usual, U 1 2 Q 7 (U 0 ), s and a satisfy (2) and ( 
By Lemma 1, 0 < 1 < 1; the same bounds hold for 1 , and . Substituting (21) in (1), the error is again de ned by (11) , (12) The identity s = s s is also valid in the sense of distributions. Then the computation of R 1 produces (after using (2) and (22) 
Convergence of Approximate Solutions
We shall write any of the approximations of Section 2 as U , and de ne the error E U t + F(U ) x :
In this section we consider the convergence of U and of E as ! 0. Although the functions U depend on the approximation used, their limit, which lies in a space of measures, is well-de ned. For simplicity, we consider only the case that the approximate solution is a \pure" singular shock joining states U 0 and U 1 In this section, we establish appropriate function spaces for the approximate solutions. These spaces are dual to spaces of test functions. The approximate solutions converge to singular objects { functionals { which are not equivalent to pointwise-de ned functions. The function spaces are most easily described when U is a C 1 function as in Section 2.2, and we give the proofs in this case only. Analogous results for the asymptotic functions of Section 2.1 or box approximations of Section 2.3 can be established. Section 3.1 will discuss , the most singular part of u .
The spaces F 0 , F 0 , F , F
We consider the functions ( ) = 1 p ! :
In the limit, the functions are concentrated at = 0; it is necessary to consider one-sided limits, # 0 and " 0. Thus, we construct spaces dual to test functions on 0; 1] and ?1; 0] respectively, and locate in a space which is a direct sum of these spaces. For the moment, consider the restriction of to 0; 1] I.
We use the standard de nitions of C(I) with norm kfk = sup x2I jf(x)j, and dual space M(I) = C (I), the space of signed Radon measures, . side arbitrarily large. The lack of strong convergence may not be important here, since even if the convergence were strong the limit functional, 0 , is not equivalent to a function and so expressions such as u 2 and u 3 cannot be evaluated. However, it is useful to identify the failure of compactness as caused by singularities in u rather than by oscillations.
In addition, F 0 can be compactly embedded in another space as follows. Let C (I) be the space of H older continuous functions with exponent , where 0 < < 1, with norm kfk C = sup x jf(x)j + sup x6 =y jf(x) ? f(y)j jx ? yj :
The following is easy to check.
Proposition 6 For any > 0, the identity map embeds C compactly in C. The following three propositions have straightforward proofs, which we omit. Remark The H older spaces C 1+ and C 1+ are standard; however they are not the isomorphic images and preimages of F 1+ and F 1+ , even for = 0, since di erentiation does not commute with . a weighted sum of one-sided Diracs. The rst, which we will use for the remainder of this paper, is simpler. However, the second is a better analogue to the space for u , and is required for the de nition of nonuniform singular shocks. This will be discussed in a future paper, 7].
Proposition 14 The proof is a routine computation. Thus, we have shown that the approximations U and their derivatives converge in spaces of measures. We summarize Proposition 13 and Proposition 14 in the following convergence theorem, which is the main result of this paper.
Theorem 1 For any of the approximate solutions of Section 2, u * u weakin N 0 and strongly in N , for any > 0; and v * v weak-in M and strongly in C .
Weak and Strong Limits of the Error
From (26), we de ne the two components of E ,
We begin with the observation: Proposition 15 If t t 0 > 0, then E u is uniformly bounded in C 1 ( ?1; 1]), and E v is uniformly bounded in C 2 ( ?1; 1]). Proof: We expect E u to be bounded in M 1 , and E v in a larger dual space, because of the presence of the terms (u ) 2 and v in the rst expression and (u ) 3 in the second. However, there is cancellation between (u ) 2 and v in E u and self-cancellation of (u ) 3 in E v | speci cally between the contributions of u + and u ? in the latter case. These cancellations were established in Section 2, and this Proposition simply restates the results of Propositions 1, 2, and 3 in the function space language of Section 3.
Finally, we have Thus we obtain weak convergence in the indicated spaces, and, from Propositions 6 and 7, strong convergence in the dual H older spaces.
Entropy and Admissibility Conditions
This section discusses admissibility of singular shock solutions. As we showed in 9] and 10], the Riemann problem for (1) has a unique solution in the class of shocks, singular shocks and rarefaction waves for all initial data pairs U 0 , U 1 if and only if singular shocks joining a point U to points in the set Q 7 (U) and its boundary, and no other singular shocks, are allowed. Thus a demonstration that these shocks are distinguished from other objects (u; v)
of the form (29), (30), with u 2 N 0 and v 2 M, satisfying (2) and (3), but with U 1 6 2 Q 7 (U 0 ), would complete the discussion of the Riemann problem begun in 9].
One distinguishing feature of the singular shocks with U 1 2 Q 7 (U 0 ) is that they are overcompressive. (The states on the boundary components D and E are only weakly so, since one characteristic speed is equal to the shock speed. The result we present below will be given for states U 1 in the interior of Q 7 (U 0 ), but can be modi ed to include the case that U 1 2 D E.)
A second feature of the singular shocks is that the singular measure carries a particular sign, so that replacing, say, by ? produces a di erent shock, which we would like to term inadmissible. Since admissibility criteria based on parabolic regularizations of the underlying equations (Dafermos-DiPerna type viscosity) motivated these restrictions, we consider alternative criteria in this section.
There are several established techniques for justifying admissibility conditions. Examining linearized stability of the uniform shock to perturbations of Cauchy data gives the immediate result that only if the shock is overcompressive does one obtain a well-posed boundary-value problem without a Rankine-Hugoniot condition. This observation does not depend on the nature of the singular shock. It is possible to show that one actually gets a smooth evolution of the singular shock by giving a careful de nition of nonuniform singular shocks. This is done in a separate paper , 7] .
Within the framework of inviscid perturbation, one can approximate shocks by smooth pro les, and then admissible shocks are those which are limits of compressive waves; the others dissipate into rarefactions under time evolution. In 6], it is shown that if the -approximate solutions are taken as initial data for the hyperbolic problem, then the candidates for admissible waves do steepen, while other choices (for example with a taken to be negative) do not.
In this section, we use a third method of studying admissibility in the inviscid equations: the construction of entropy functions for the original system, (1). We show that approximate solutions with U 1 2 Q 7 (U 0 ) satisfy an entropy inequality.
A Convex Approximate Entropy Function
It can be shown, using the geometric optics construction in 12], that convex entropy functions for system (1) exist when U is in any bounded subset of R 2 , or, in fact, in any set in which v is bounded above. A convex entropy for our class of approximate solutions, in which sup v ! +1 as ! 0, does not exist.
However, we justify the geometric admissibility condition (4) for singular shocks by introducing an approximate entropy function and deriving an entropy-like inequality which is satis ed by viscous approximations to singular shocks. We prove that this inequality, when applied to a similarity solution of (5) Observe that (U) is convex for all U 2 R 2 , and that if U is a di erentiable solution of (1) Thus in a singular shock the separating point x 0 , where has its maximum, must exist for each su ciently small positive ; since U (x 0 ) becomes unbounded as ! 0, we see that x 0 approaches st, because of (32). So if we apply inequality (31) with one endpoint of integration at x = st and the other at x = (s )t for a xed > 0, the dominant terms come from the endpoint x = (s )t. We can then derive four inequalities, corresponding to the two choices of interval and the two choices of sign in (x).
We proceed as follows. On the left-hand side of (31) The other interval st; (s+ )t] leads in the same fashion to two more inequalities:
?s + (u 1 1) 0:
Observing that u 1 are the characteristic speeds (U) of (1), we combine these four inequalities:
Conclusions
This paper completes a program, begun in 9], to study shocks in a hyperbolic model equation with no classical Riemann solution. We have shown that several approximation methods provide, consistently, approximate solutions to the system, and we have now established that these approximations converge, and have described their limits. Many questions remain open. Perhaps the most important is to give a sense in which the limit measures satisfy the equation. We note that the singular nature of these weak solutions is quite di erent from the singularities arising from, say, weak convergence of oscillatory approximations (as in dispersive approximations to hyperbolic problems).
Another interesting question is extension of the results here to some class of equations beyond the single model. One such class consists of non-strictly hyperbolic conservation laws with cubic ux functions and`same variation' at the coincidence locus, studied in 15]. Because the nature of the singularity is identical in the two cases, the nonstrictly hyperbolic shocks are conjectured to have the same limiting behavior.
Beyond that, the class of hyperbolic problems with this behavior is likely to be quite limited. Since the approximate solutions have large amplitude, the nature of the approximate solutions and of the convergence is closely tied to the limits of the uxes at in nity. Thus the only case to which this approach would generalize is one in which the ux functions scale appropriately for all wave-amplitudes larger than the moderate one at which the wave speeds begin to overlap. The key would seem to be producing a singular ordinary di erential equation analogous to (6) at large amplitudes; that is, an equation with a nonhyperbolic rest point which admits a homoclinic orbit. It would be interesting to study the relation of such equations to the phenomenon of`same variation', which is also a feature de ned with reference to large amplitude waves.
Examining the solutions we have constructed leads to a few conclusions. First, the role of the Rankine-Hugoniot equations in describing weak solutions is clari ed: this relation applies only to solutions which are piecewise smooth or at least have this property almost everywhere. For problems in a single space dimension, most physically interesting equations have solutions in this class. However, the nature of singularities in more than one dimension is still an open question, and the singular solutions presented here may be relevant.
We have not given a sense in which the limiting measure satis es the equation. The theory of generalized distributions of Colombeau, 1], 3], which motivated the introduction of the functions in Section 2.2, does not answer this question. The di culty is that, even for classical weak solutions, the equation is satis ed only in the sense of association; hence the assertion that functions in G s satisfy the equation does not hold in the strongest sense, and taking a limit in is not justi ed within that theory. In fact, there are numerous examples of generalized distributions which satisfy equations formally but in a completely vacuous sense (see 3]). Theorem 2, which is independent of the G s theory, shows that our functions are true approximations to the equation.
